THE <9-EQUATION ON HOMOGENEOUS VARIETIES 
WITH AN ISOLATED SINGULARITY 

J. RUPPENTHAL 

Abstract. Let X be a regular irreducible variety in CP™ -1 , Y 
the associated homogeneous variety in C™, and N the restriction 
of the universal bundle of CP™ -1 to X. In the present paper, we 
compute the obstructions to solving the (9-equation in the L p -sense 
on Y for 1 < p < oo in terms of cohomology groups H q (X, 0(N f1 )). 
That allows to identify obstructions explicitly if X is specified more 
precisely, for example if it is equivalent to CP 1 or an elliptic curve. 



1. Introduction 

One strategy to study the 9-equation on singular complex spaces is 
to use Hironaka's resolution of singularities in order to pull-back the 
9-equation to a regular setting, where it is treatable much easier. See 
[AHL], [BiMi] or |Ha] for detailed information about resolution of singu- 
larities. That strategy has been pursued already in [FOV1] and |Ru4j . 
where it leads to more or less imprecise results. But the method seems 
to be quite promising for further investigations, because it can be im- 
proved considerably. We were able to do that in this paper for homoge- 
neous varieties with an isolated singularity, where the desingularization 
is obtained by a single blow up. We believe that one should draw spe- 
cial attention to this strategy, because there are some analogies to the 
case of complex projective varieties, where we have an intimate con- 
nection between the L 2 -cohomology of the regular part of the variety 
and the L 2 -cohomology of resolutions (see jPaStlj ). 
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For a complex projective variety Z C CP™, the Cheeger-Goresky- 
MacPherson conjecture (see |CGM] ) states that the L 2 -deRham co- 
homology H^(Z*) of the regular part of the variety Z* := Reg Z 
with respect to the (incomplete) restriction of the Fubini-Study metric 
is naturally isomorphic to the intersection cohomology of middle per- 
versity IH*(Z) (which in turn is isomorphic to the cohomology of a 
small resolution of singularities). Ohsawa proved this conjecture under 
the extra assumption that the variety has only isolated singularities in 
[Oh] , while it is still open for higher- dimensional singular sets. The 
early interest in the conjecture of Cheeger, Goresky and MacPherson 
was motivated in large parts by the hope that one could then use the 
natural isomorphism and a Hodge decomposition for HjLJZ*) to put a 
pure Hodge structure on the intersection cohomology of Z (cf. |CGM] ). 
That was in fact done by Pardon and Stern in the case of isolated sin- 
gularities (see [PaSt2j ). Their work includes the computation of the L 2 - 
Dolbeault cohomology groups Hf^(Z*) in terms of cohomology groups 
of a resolution of singularities (see [P aStlj : also for further references). 

Let us now direct our attention to the case of singular Stein spaces. 
Though one would expect similar relations in this (local) situation, no 
such representation of the L 2 -Dolbeault cohomology is known. The 
best results include quite rough lower and upper bounds on the dimen- 
sion of some of the L 2 -Dolbeault cohomology groups (see |DFV] . |Foj . 
[FOVlj . |FOV2j . |OvVa] or [Rui] ). The origin of the present work is 
the attempt to compute the L 2 -Dolbeault cohomology groups in the 
spirit of the work of Cheeger-Goresky-MacPherson, Ohsawa, Pardon- 
Stern and others in terms of certain cohomology groups on a resolution 
of singularities. But, in the absence of compactness, most of their ar- 
guments do not carry over to the local situation and one has to develop 
some new strategies. 

One such tool which could be helpful for studying the 9-equation (even 
locally) on singular complex spaces is a Dolbeault complex with weights 
according to normal crossings developed in [Ru6j. A short review of 
this construction is contained in section [3]of this paper, the main result 
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is the exactness of the complex cited here as Theorem I3.3L Weights 
according to normal crossings are a natural choice because one can 
achieve that the exceptional set of a desingularization consists of normal 
crossings only, and the deformation of a metric under desingularization 
produces singularities along the exceptional set which have to be taken 
into account when we treat the <9-equation (cf. the introduction to 
[Ru6] ). 

Another interesting tool that we use in this paper is an integration 
along the fibers of the normal bundle of the exceptional set of a desin- 
gularization. This idea has been already used by E. S. Zeron and 
the author in |RuZe] to construct an explicit ^-integration formula on 
weighted homogeneous varieties. The method is described in section HI 
A crucial point about both these tools is that they depend on integral 
formulas. So, they allow to drop the the restriction to L 2 -spaces given 
by the well-known Hilbert space methods. 

In view of the large difficulties in computing the L 2 -cohomology explic- 
itly, it seems reasonable to gain a broader view and better understand- 
ing by also considering L p -Dolbeault cohomology groups for arbitrary 
1 < p < oo. Besides the L 2 -results mentioned above, only the L°°- 
case has been addressed in a number of publications: |AcZelj . |AcZe2] . 
[FoGaj . [Ru2] . |Ru4j . [RuZe] . |SoZej . These papers treat Holder reg- 
ularity of the <9-equation provided the right-hand side of the equation 
is bounded. Clearly, this implies the solution of the Cauchy-Riemann 
equations in the L°°-sense. In view of those results, the present paper 
is an attempt to embed the L 2 and L°°-case into the broader spectrum 
of an L p -theory. In fact, by use of the Dolbeault complex with weights 
and the integration along the fibers of the normal bundle, is is possible 
to compute the L p -Dolbeault cohomology groups on a homogeneous 
variety with an isolated singularity Y for all p such that 2d/p ^ Z 
(where d = dim Y) and for p = 1 (see Theorem 11.11 and Theorem 11.21 
below). This does not solve the L 2 -problem but gives a quite precise 
idea what to expect for the L 2 -groups. 
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We will now describe the results of this paper in detail. Let X be a 
regular irreducible variety in CP n_1 , and Y the associated homogeneous 
variety in C n which has an isolated singularity at the origin. We denote 
by N the restriction of the universal bundle on CP n_1 to X. Let d = 
dimF. 

The regular complex manifold Y* := Y \ {0} = RegF carries a her- 
mitian structure induced by restriction of the euclidian metric of the 
ambient space C n . Let | • |y and dVy be the resulting metric and vol- 
ume form on Y*. Now, if U C Y* is an open set, and uj a measurable 
(0, g)-form on U, we set 

11^11% m\ := / My<iVV , for 1 < p < oo, 

IMUsyto := esssu P \ u \y{z)- 

We are interested in the following cohomology groups, where the in- 
equation has to be interpreted in the sense of distributions (throughout 
this paper). Due to the incompleteness of the metric, different exten- 
sions of the <9-operator on smooth forms lead to different cohomology 
groups. For U C RegY open, let 



{u G Ll q (U) : du = 0}_ 
i[p)yU ^ } ' W e L%ffJ) : 3/ G Ll^U) : Of = uj} 



We will show (giving sufficient conditions for //-solvability of the d- 
equation): 

Theorem 1.1. Let X , Y and N as above, D CC Y strongly pseudo- 
convex such that G D, D* = D \ {0}, and 1 < p < oo, 1 < q < d — 
dimF. Set 

max{&; 6Z: fc< 1 + %d/p} ,p ^ 1, 
max{&; GZ:H - 2d/p} > P — 1- 

Then there exists an injective homomorphism 

H{ p) (D*,0)^ H«(X,0(N-»)). (1) 

fj>a(p,q,d) 

The right hand side in (p]) is finite-dimensional because N is a negative 
holomorphic line bundle. Necessary conditions are determined by: 



a(p,q,d) :-- 
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Theorem 1.2. Let X, Y and N as above, and let D CC Y be an open 
set such that G D, D* = D\{0}, andl <p<oo,l<q<d = dimF. 
Set 

c(p, q, d) := max{fc EZ: k<l+q— 2d/p}. 
Then there exists an injective homomorphism 

H*{X,0{N^))^Hl p) {D\0). (2) 

fJ.>c(p,q,d) 

Note that sufficient and necessary conditions coincide if 2d/p ^ Z or 
p — 1, and that c(p, g, d) = a(p, g, (i) + 1 in all other cases. So, there re- 
mains a little uncertainness about the contribution of H q (X, 0(N~ a )), 
for example if p — 2. 

The proof of Theorem 11.11 and Theorem 11.21 depends heavily on an 
embedded desingularization of F C C", which is in our situation simply 
given by a single blow-up of the origin in C n . We will study the behavior 
of L p -norms under this resolution of singularities in the next section, 
while we will present the first part of the proof of Theorem II .11 in section 
[HI The main tool here is a Dolbeault complex with weights according 
to normal crossings that was constructed in [Ru6j . The second part of 
the proof is settled by another important tool of our work, namely an 
integration along the fibers of the holomorphic line bundle N, which 
we will develop in section HI This idea has been already used by E. S. 
Zeron and the author in [RuZe] to construct an explicit ^-integration 
formula on weighted homogeneous varieties. In section HI we obtain as 
a byproduct: 

Theorem 1.3. Let X and Y be as above, D CC Y an open subset, 
D* = D\{0}, andl<p<oo,l<q< dimF. Letuo G Ll q (D*) nker9 
with compact support in D. Then there exists r\ G L P Q q _ x (D*) such that 
dr] = to. 

Using Theorem 11.31 in case q = 1 and Hartogs' Extension Theorem 
on normal Stein spaces with isolated singularities, it is easy to deduce 
vanishing of the first cohomology with compact support (see section HJ): 
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Theorem 1.4. Let X and Y be as above, D CC Y an open subset, 
D* = D \ {0}, and 1 < p < oo. Then: 

{uj E L P ^D*) :du = 0, su W u CC D} 

±1 (pUpt\ JJ i u ) :z 



{ uj e L P 01 {D*) : 3f e Lp{D*) :df = u, supp / CC D} 



We will then prove Theorem II .21 in section[5l and discuss some examples 
and applications in the last section [61 Let us mention a few of them at 
this point. Let X, Y and N be as above, and D a strongly pseudoconvex 
neighborhood of the origin in Y, D* = D\{0}. If, for example, a group 
H?JD*,0) is vanishing, then it follows by standard techniques that 
we can construct a bounded //-solution operator for the (9-equation in 
degree (0, q) on D* (see Theorem 16. II) . 

When we restrict our attention to the case dimY~ = 2, X is a compact 
Riemann surface, and that allows to compute the groups H l (X, 0(N~^)) 
by the Theorem of Riemann-Roch. We will do that for X = CP 1 or X 
an elliptic curve, and deduce some consequences for L p -solvability of 
the <9-equation on Y. 

Combining an Extension Theorem for cohomology classes on complex 
spaces of Scheja (Theorem I6.3j) with our integration along the fibers, 
we deduce that 

Hl p) (D\O)=0 

for 1 < q < dimY — 2 (Theorem 16.41) . and that in turn gives vanishing 
results for some classes H q (X,0(N^ fl )) (Theorem \6.5\) . Similarly, we 
can show easily that 

H q (CF k ,0{N-^)) = 
for all /i > q — 2k, where N is the universal bundle over CP fc (Theorem 

ED. 

2. Behavior of L p -norms under desingularization 

Let X be a regular irreducible (connected) variety in CP n_1 of dimen- 
sion d — 1 > 1, 

and let Y be the associated homogeneous variety in C n (given by the 
same homogeneous polynomials). So, Y is an irreducible homogeneous 
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variety in C n of dimension d, and it is regular outside the origin. We will 
now investigate the embedded desingularization of Y, which is given 
by blowing up the origin in C". Let 

U c C n x CP"- 1 

be given by the equations 

ZjWk = ZkWj for all j ^ k, 

where zi,...,z n are the euclidian coordinates of C", and wi,...,w n the 
homogeneous coordinates of CP n_1 . That is a submanifold of dimension 
n in C" x CP" -1 . Let 

II : U — C", (z,w) — z, 

be the projection to the first component. Then 

H := n _1 ({0}) = CP"" 1 , 

but the pre-image of all points in C" \ {0} consists of exactly one point. 
We have that 

III^h : 17 \ if- C»\{0} 

is biholomorphic, II : U — C" is the blow up of the origin. On the 
other hand, consider the projection 

P:U^H, (z,w) — (0,w). 

If {wk = 1} is a chart in H, then 

P~\{w k = 1}) ^ {w k = 1} x C. 

U is in fact a holomorphic line bundle over ff = CP" -1 . It is called the 
universal bundle. Now, let 

N := IL-\ H (Y \ {0}) C U. 

This is a complex submanifold of dimension d in U . Let 

7T := : N — y, and i? := 7r _1 ({0}) = N (1 H = X. 

Then 7r : TV — y is a desingularization of y (with exceptional set 
E = X). We will from now on identify E with X. On the other hand, 

p ■= P\ N : N ^ X 



s 
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is a holomorphic line bundle. It is the restriction of the universal bundle 
to X, and the normal bundle of X in N at the same time. Hence, it is 
a negative bundle in the sense of Grauert (see [Grl] ). So, there exists 
an integer /x > such that 

H q (X, O(N-v)) = for all q>l, (i> // , 

because the dual bundle A r_1 := N* is positive. 

U is covered by n charts Uj = C n (j = l,...,n) defined by Wj = 1. 
Let us consider one such domain, say U\. Here, we have holomorphic 
coordinates 

zx, w 2 , w n , 

and in these coordinates 

U(zx,W 2 , W n ) = (zx,ZxW 2 , ...,ZxW n ). 

This implies that 

U*dzi = dzx , 

YTdzj = Zxdwj , for j = 2,...,n. 

We will now develop a similar statement on N, which is a bit more 
complicated. First of all, we will choose a nice hermitian metric h on 
U. For this, let h[ be any hermitian metric on H = CP™ -1 , say the 
Fubini-Study metric, and 

hx = P*h[ 

the pull-back to U. Furthermore, let h 2 be given in the charts Uj (where 
Wj = 1) as 

h 2 = ({wxl 2 H h \wj-i\ 2 + 1 + | Wj+i | 2 H \w n \ 2 )dzj ® dzj. 

It is easy to see that h 2 is globally well defined because Zj/wj = z k /wk- 
Then, 

h:=hx® h 2 

gives a (in some sense natural) hermitian metric on U, where in a chart 
Uj the coordinate Zj is orthogonal to 

Wx, ...,Wj-x,Wj+h —,w n . 
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Let 



% : N 



U and i : Y 



C 



be the natural inclusions. This implies that 



Iloi 



= l O 7T. 



As F* carries the hermitian structure induced by restriction (respec- 
tively pull-back) of the euclidian metric of the ambient C ra , N is a 
hermitian sub manifold of U with the induced hermitian structure i*h. 
We denote by || • ||at the resulting norm on the Grassmannian of N, and 
by dVj\f the associated volume form. 

Let Q G X be a point in the exceptional set. We can assume that 
Q G U\. Then there exists a neighborhood Wq of Q in X n C/i with 
holomorphic coordinates 



are holomorphic coordinates on Wq := p _1 (Wg) C N. We identify x fe 
with p*Xk- It follows from the construction of the metric that t — z\ is 
orthogonal to the a;*;. 

Hence, by shrinking W' Q a little, it follows that 



x 2 , ...,x d 



on W' n . It follows that 



t := zi, x 2 , ...,x d 




(3) 



where 



n 




(4) 



fc=2 



on Wq for all j = 2, d We also have that 



dt Adt A dx 2 A dx 2 A 



■ A dxd A dxd ~ dVw 
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on Wq. Using (j3J) and (jlj), we calculate: 

II ^ II 2 II ^ II 2 - IItT ' ^ II 2 

" n *dx~"y ~ " L * n *dx~"^- ll^-a^llc- 

lln V s _!i_ll 2 -IIV^ _ll 2 

- II 11 * 2^ a ^ Wfc lit?. - II 2^* dWk • ^ lie- 

fc=2 K k=2 1=1 K 1 

n n q n 

fc=2 1=1 ' fc=2 

(where 5/^ denotes the Kronecker-5) , because 

for all y G tt(Wq) \ {0}, and ||«|| y = ||m>||c» on T 0,1 (F \ {0}) (since 
|| • ||y is the norm induced by || • ||c™)- 



So, for a point y G tt(Wq) \ {0}, we can now calculate 



7T 



* )*tfe fc || (y) = max \\vWy\y) dx k ({irJ x )*v) (n l (y)) 



ii 9 
~ max 7r* 



i=2,...,d n <9x 



d 



"9xj 



~ max 7r* 



(t^G/)) 



j=2,...,d 11 dXj 

because 7r is an biholomorphism outside X, and 

dx k (|j = 0, 
since the coordinates x%, ...,Xd are orthogonal to t — Z\. 

Since t = U*zi = it*Z\, the esimate 



{-K N \ x )*dx k \\ Y ~ |^i | 1 



also yields 



7T 



(tdxj) 



-i \* 



Summing up, we conclude: 
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Lemma 2.1. Let Q e X. Then there exists a neighborhood Wq of Q 
in N with holomorphic coordinates t,X2, ...,Xd such that 

xnw Q = {t = o}, 

and 

&j ■= {^{xTitdxj), j = 2,...,d, 

are a basis of the (0, l)-forms on tt(Wq \ X) C Y \ {0} with 

||a:j||y ~ 1. 

This implies for the volume forms that 

^l^NXxdVy ~ \t\ 2d ~ 2 dV]\f 

on W Q \ X. Hence, for a function f on ir(W Q \ X) — it(Wq) \ {0}, 
and 1 < p < oo, we have that 

f e V(*(W Q ) \ {0}) 

exactly if 

\t\ 2 -^-TT*feD>(W Q \x). 

Letl<q<n. Ifu G Ll q {n{W Q )\{0}) is a (0, q)-form on n{W Q )\{0}, 
then 

\t\^- {q - l) -^eLl q (w Q \X). 

On the other hand, for r\ G L p 0q {WQ \ X) a (0, q)-form on Wq \ X , 

2d-2 

\t\—-*. v eIf „(W Q \X) 

implies that 

(n\- N \ x Tv^L p Ojq (n(W Q )\{0}). 

Proof. Only the last two statements remain to show, uo e L p Qa {^{Wq) \ 
{0}) has a representation 

^2 fki-k q a kl A • • • A a kq , 

l<k 1 <---<k q <d 
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where the coefficients fk v »k d £ L p ( , k(Wq) \ {0}), and the proof is clear 
from what we have seen before. The last statement follows analogously. 

□ 



3. Sufficient Conditions (Theorem 11.11 ) 

Let Dbea strongly pseudoconvex domain in Y such that G D, and let 
D* := D\ {0}. We can assume that D n U = {z G U : p(z) < 0} where 
p G C 2 (U) is a regular strictly plurisubharmonic defining function on 
a neighborhood U of bD. Then there exists e > such that D e : = 
D U {z G U : p(z) < e} is a strongly pseudoconvex extension of D. So, 
it follows by Grauert's bump method that the natural homomorphism 

r q :Hl p) {D:,0)^Hl p) {D\0) 

(induced by restriction of forms) is surjective (see |LiMij . chapter IV. 7). 
Here, we also set D* = D e \{0}. We will work with the desingularization 
Ti : N — > Y described in the previous section. So, let 

G = n^iD), G e = 7r _1 (D e ), G* = n'^D*), G* = 7r _1 (D*), 

and [u] G HfJD*,0) represented by uo G L p 0q (D* e ). We will show in 
this section how u determines a class in (jSJ), and that [u] = if that 
class vanishes. The point that a different representative of [o>] defines 
the same class is postponed to the next section. We can use Lemma 
12.11 to determine properties of tt*uj. It is convenient to work with the 
weighted Dolbeault complexes that we introduced in |Ru6j . So, we 
have to describe some concepts. Let I be the sheaf of ideals of E = X 
in N. For k G Z we will use the sheaves I k O which are subsheaves 
of the sheaf of germs of meromorphic functions on N. It follows from 
Theorem 5.1 in [Ru4] that 



H q (G, l k O) £ H q (G t , X k O) S H q (X, 0(N~ IM )) (5) 

for all q > 1, because G and G e are strongly pseudoconvex neighbor- 
hoods of the zero section of the negative holomorphic line bundle N. 
Note that on the left-hand side of (jSJ), O is the structure sheaf on N, 
while on the right 0{N~^) denotes the sheaf of germs of holomorphic 
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sections in the bundle over X. So, in order to prove Theorem ll.il 
it is enough to show that there exists an injective homomorphism 

H q (p) {D*,0) ^ H q (G, Z a ^ d) O). (6) 

What we need is a suitable fine resolution for the sheaves X k O. Let 
s G R, U C N open, and rj a measurable (0, r)-form on U. Then, we 
say that 

if for each point z G U there is a local generator f z of X z (defined on a 
neighborhood V z of z) such that 

\f,\-ri G Ll r {V z ). 

This property does not depend on the choice of f z , and so the spaces 
\l\ s L P ( ^ r) j oc (U) are well-defined. 

We have to use a weighted 9-operator, which we define locally again. 
Let k G Z, z G iV and f z a local generator of X z defined on V z . Then, 
for a current $ on V z , we set 

d k <S>:=f*d(f z k <!>), 

provided the construction makes sense. In that case dk is well-defined 
because the construction does not depend on the choice of the gen- 
erator. Now, we have to make a connection between the weighted 
operators dk and weighted L p -spaces defined above. We will use: 

Definition 3.1. Let 1 < p < oo and s be real numbers. Then we call 

k(p,s) := max{m G Z : N*Lf oc (C) C \ Zl \ m L l loc {C)} 

the d-weight of (p,s), where |zi|'Lf oc (C) = {/ measurable : G 
Lj oc (C)}. Now, we define for < q < d = dimF the sheaves \1\ s Cq^ 
by: 

\l\ s C^ r (U) := {/ G \T\ s Ll^ loc {U) : d k(p>s) f G |X| s ^ 0ir+iyoc (C/)} 
for open sets U C C n (it is a presheaf wich is already a sheaf). 
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From now on, if an index k is not specified, it should always be the 
<9-weight k(p,s), where p and s arise from the context. We need to 
compute the <9-weight of (p, s) explicitly: 

Lemma 3.2. Let 1 < p < oo and s be real numbers, and k(p, s) the 
8 '-weight of (p, s) according to Definition XSTK Then 

k , s I max{m GZ:m<2 + s — 2/p} , p ^ 1, 
' [ max{m 6Z:m<2 + s- 2/p} , p = 1. 

Proof. See |Ru6j, Lemma 2.2. □ 

We can now cite the main results about the Dolbeault complex with 
weights according to normal crossings. Adapted to our present situa- 
tion, Theorem 1.5 in |Ru6j reads as: 

Theorem 3.3. For 1 < p < oo and s G R ; let k(p, s) £ Z be the 
d-weight according to Definition \3.1\ Then: 

o^i k o^ \i\ s c p 0fi \i\ s c p 0:1 -^-> — ^ \i\ s £ p , d -> (8) 

zs an exact (and fine) resolution ofI k O. 

Let us now return to u G L$ (D*). If we extend 7r*a; trivially over the 
exceptional set E, Lemma [2.11 implies immediately: 

Lemma 3.4. Let s = (q — 1) — ^p^. 77ien: 

7T*U, G |X| S ^ g)i/oc (G e ). 

Now, we need to find a suitable weight k such that dkir*uj = 0. This is 
in fact the d- weight of (p, s) in Lemma I3.4I as we will see shortly. But 
before, it is the time to make the connection to Theorem ll.il 

Lemma 3.5. Let k(p,s) be the d-weight of p and 

. 2d - 2 

s = (q-l) . 

p 

Then: 

k(p, s) = a(p,q,d), 
where a(p, q, d) is the constant from Theorem \l.l\ So, Lemma 3.4 yields 

e \l\ s L P m ,ioc(Ge) c |X| a( ^ s) 4, 3 y oc (GQ (9) 
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by Definition of the d-weight. 

Proof. The proof is immediate, because 

2d — 2 

2 + s - 2/p = (q + 1) 2/p = (g + 1) - 2d/p. 

V 

□ 

From now on, if the indices are not specified, a should always be the 
constant a(p, q, d) from Theorem ll.il We will now see that in fact 

d a ir*uj = 0. 

This is a consequence of (JSJ) , Lemma 12.11 and the following extension 
theorem for the <9-equation, which we will show in a (for further use) 
slightly more general version than needed: 

Lemma 3.6. Let D C C n be an open set, 1 < P < oo and f G L% >Q (D) 
a (0,Q)-form on D such that df — g in the sense of distributions on 
D\H , where H = {z G C n : Z\ = 0} and g G Lqq +1 (D), and f has 
the following structure: 

/ = 2 ^ jC ^ J 
|J|=Q 

(in multi-index notation) such that 

\z\\~ w ( p > f j G L P (D) for all multi-indices J with 1 ^ J, 

/ 2/P-l , i/l<P<2, 
[0 , if 2 < P < oo. 

T/ien df = g on the whole set D. 

We will use the statement only in case P = 1 and w(P) = 1. 

Proof. The statement is local, so we can assume that D is bounded. 
For r > 0, define 

U(r) := {z G C n : dist(z,#) = N < r}. 
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Choose a smooth cut-off function \ £ C™ t (M) with \x\ < 1, x(0 = 1 if 
|t| < 1/2, = if |t| > 2/3, and \x'\ < 8. Now, let 

Then % r = 1 on U{r/2) and supper C £/(3r/4). Xr is smooth and we 
have: 

Since D is bounded, there is R > such that £> C -Br(O). Let s = 
P/(P — 1) be the coefficient dual to P. It follows that 

\\zi\ w V X r\\ s dV C n < s s (2R) 2n - 2 r s ^ w '^ [ dV c , 

D i{CeC:|C|<r} 

and we conclude: 

\\\zi\ w V X r\\Ls {D) < r^ 1+2 / s = r w ~ l+ ^' p < 1 (10) 

by the choice of w(P). The statement remains true in case P = 1 and 
s = oo. What we have to show is that 

/ /A90=(-l)« +1 / gh<t> (11) 

for all smooth (n,n — Q — l)-forms (f> with compact support in D. By 
assumption, df — g on D \ H. That leads to: 



fAd(f> = / fA Xr d(f> + / /A(l-Xr)90 



= [ fAXrd<P+ f fAd[(l- X r)<f>}-[ /A9(l- X r)A. 

= / /AXr^+(-l) Q+1 / (?A(1- X r)0+ / /A9 Xr A0. 



Now, we will consider what happens as r — > 0. Let us first consider 

/ /AXr^0 and / ^A(l-Xr)^- 
Since \x r \ < 1, we have 

||/A X ^||,|bA(l-x,)0|| e^P), 
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and we know that f Ax r d4> — > pointwise if r — > 0, and g A (1 — Xr)0 - ► 
g A <f). Hence, Lebesgue's Theorem on dominated convergence gives: 

lim / / A xM = 0, lim / g A (1 - % r )0 = / g A <p. 

To prove (TTTj) . only 

lim / / A dxr A = 
remains to show. Because of 

dXr 

dXr = -a — dzi, 

we only have to consider the coefficients fj where 1 ^ J. So, using fTTOj) 
and the Holder Inequality, we get 

lim\\f Adxr A<p\\ L i {D) = lim ||/ A A 0|| L i ([/(r)) 

i — >0 i — >0 

< lim ||/ A <p\\ L p {U (r)) || |*irVxr|U«(D) 

) — >0 

< lim ||/ A(j)\\ L p {u{r)) . 

Since / 6 I p , we conclude 

lim ||/ A(j)\\ LP{u{r)) = 

(see for instance [Alt j . Lemma A 1.16), and that completes the proof. 

□ 

So, choose a point on the exceptional set E. Locally, we can assume 
that this point is the origin in C d , and that E = {z\ = 0} in a small 
neighborhood V. It follows from Lemma [3.51 that 

zfVw G Ll q (V), 

and it is clear that 

d(zY a TT*uj) =0 on 7 \ E 

in the sense of distributions. But if we take a closer look at z^ a ir*u) it 
follows from Lemma \2. 11 that 



z7 a n*LU 



^2 f jdzj 

\J\=q 
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where fj = \z\\hj with hj G L^iV) if 1 ^ J. So, Lemma [32] yields 
d(z± a iT*u)) = on V. Thinking globally, that means nothing else but: 

Lemma 3.7. If a = a(p,q,d) is the index from Theorem \l.l\ then 

d a Ti*uj = 0. 

Hence, ir*u G \T\ s C p 0q {G e ) (where s = (q — 1) — j defines a coho- 
mology class 

[ti*uj] G H q {G e ,l a O). 

Proof. Because of a(p, q, d) = k(p, s) by Lemma [3751 d a ir*u! = d^uj = 
implies that tt*uj G \X\ s Cq (G e ). Hence, ti*uj defines a cohomology 
class [tt*uj} in H q (G e ,l a O) by Theorem IO □ 

Now, assume that 

[tt*uj} = in H q {G e ,l a O). (12) 

We will conclude this section by showing that this implies [u] = in 
H q p ^(D*, O). By the use of Theorem 13.31 the assumption ( Tl2l) tells us 
that there exists 

v e iirvw G <) ( 13 ) 

such that dkf] = ti*uo on G e . This means that drj = tt*uj on G e \E = G*. 
Recall that 

s=(l-g) • (14) 

V 

Let r/' := tj\g- Then, f JT3|) . ffT4l) and the last statement of Lemma [2.11 
yield that 

^=Wg\/^lS iH (d\{o}). 

Because 7r is a biholomorphic map outside the exceptional set, we know 
that d$ = u on D\{0} = D*. So, it follows that [u] = in HfJD*, O). 
To complete the proof of Theorem 11.11 it remains to show that a differ- 
ent representing (0, g)-form for the class [lj] G H?JD*,0) defines the 
same class in 

H q {G e ,I a O) ^ H q {G,l a O). 
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That will be done in the next section, where we can restrict our con- 
siderations to the set G (no need to consider the extension G t any 
more) . 

4. Integration along the Fibers 

Assume that u is another representing form for the class [uj] G H^(D*, O), 
namely that 

such that duj = on D* in the sense of distributions, and there exists 
a G L^_ X (D*) with 

uj — uj = da. 

Here again, n*uj G \I\ s jC^ q (G), but unfortunately we do not have tt*<j G 
|X| s £q (? _ 1 (G'). But, we can use n*a to construct a G |X| s £q (? _ 1 (G) such 
that 

* *■ — ' ~e\ - — ' 

7T UJ — 7T = a a CT. 

Let x ^ C™ t (G) be a smooth cut-off function with compact support in 
G such that x = 1 in a neighborhood of the exceptional set E — X. 
Now, consider 

5 := n*LJ - tt*£ - - x )ttV) G |J| s ^ (? (G'). 

We will now solve the equation d a r = 5 with r G |X| s £q (J _ 1 (G), and 
then 

9 a (r + (1 — x)vt*(t) = n*uj — ti*uj 
will tell us that [ti*lj] = [tt*u] in H q (G,l a O). 

The crucial point is that the form 5 has compact support in G. That 
allows us to solve the equation d a r = S by integrating over the fibers 
of iV interpreted as a holomorphic line bundle over E = X. That idea 
has been already used by E. S. Zeron and the author in |RuZe] . We 
can define that integration locally: Let Q G X. Then there exists a 
neighborhood Uq of Q in X with coordinates Zi, ...,z d _i such that iV 
is trivial over Uq: 

N\u Q = U Q xC. 
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So, let Zi, ...Zd-i,t be the coordinates on Vq := N\u Q - Then, 6\y Q G 
\t\ s Lq^CVq) can be written uniquely as 



s \v Q = ^2 9jdzj + f jdt A dzj 

\j\= q \J\=g-i 

where all the coefficients gj,fj G |t| s L p (Vg) satisfy t~ a gj,t~ a fj e 
L 1 (Vq). Now, we define: 

We have to show that this construction globally defines a form r e 
|2^| s £q g _ 1 (G r ) such that d a r = 5, where we intensively use the fact that 
S has compact support. Firstly, we remark that the operator in ([15]) 
maps continuously 

\t\ s L p 0iq (V Q n G) -> |t| s+1 -^_ 1 (y Q n GQ c n G), 

because a(p, g, rf) = k(p, s) is the 9-weight of (p, s) (see |Ru6] . Theorem 
2.1). For d a r = 5, we have to show that 

d(t-T\ VQ )=t-5\v Q . (16) 

Here, we have to work a little, because we are dealing with weak con- 
cepts. Let U C C d_1 be an open set, 1 < r < d, and oj e C^ r (U x C) 
such that oj has compact support in the ^-direction, i.e. suppa; PI F a 
is compact in F a for all fibers F a = {a} x C, a £ U. If 



^ CLdjdz d Adzj+ a Kdz K 

\J\=r-l, \K\=r, 

(the multi- indices in ascending order), then let 

S d r oj := ^2 I( a dj) dzj 

\J\=r-l 

where 

_ . . . 1 f dt A dt 

I/(zi, ...,z d ) := — / f{z 1 ,...,z dr . ll t) 



2m J c t-z d 
It is not hard to see that we can use these operators to construct a 
<9-homotopy formula for forms with compact support in the fibers: 
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Lemma 4.1. Let uj G Cl q {U x C) such that uj has compact support in 
z d . Then: 

uj = dS d q u + S d q+1 duj. 



Proof. Let 



uj 



and 



■■ a^jdzd A dzj + ajfdzjc 

|J|=ff-i, |*|=ff, 

<9cj = ^ Cdxdzd A H 



1*1=9. 
d<£K 



Then we compute that: 



<9ax . f K \ J J\ da 

c d K = -o >. sign — 



JCK 
\J\=q-l 



dj 
K\J 



(17) 



By use of the inhomogeneous Cauchy-Integral Formula in one com- 
plex variable and the assumption about the support of uj, we compute 
furthermore: 

d(l(a dJ )dzj) = a dJ dz d A dzj + ^ 1 (if) dzk A dzj ' 

kfju{d} ^ Zk ' 

But this leads to (summing up): 

dS q u = ^ a dJ dz d Adzj+ ^ ^(b K )dz K , 



where 



\J\=Q-l, \K\=q, 
d<£J d<£K 



^ fK\JJ\ da dJ da K 
o K = > sign = c dK 

\ K dz K \j dz d 



by the use of ffTTj) . But ax has compact support in z&. So (using the 
inhomogeneous Cauchy Formula again), 

I (b K ) dz K = I (^jff^j dzx - \{cdK)dz K 
= a K dz K -l(c dK )dz K , 
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and we are done, because 

Sg +1 du = 2j l(c dK )dz K . 

\K\=q, 
d<£K 

□ 

Turning to L 1 -forms, we can deduce: 

Lemma 4.2. Let R > and uj £ Lq (U x C) stzc/i t/iai <9a; = ; and 
/ias support in U x A R (0), where A R (0) is £/ie disc of radius R at 0. 
Then: 

on each subset V x Ar(0) where V CC £/. 

Proof. We simply use the assumption V CC U because we really do 
not need to care about the boundary. Using convolution with a Dirac 
sequence, there exists a sequence of smooth forms fj £ C™ (V x C) 
such that 

lirn/,- = u in iJ^xC), 

lima/, = in Ll Q+1 (VxC), 

3^00 

and we can assume that the fj have support in V x A j r + i(0). Lemma 
IO tells us that 

f) = asifj + s d q+1 df 3 

for all j, and passing to the limit in L 1 -spaces proves the Lemma, 
because the operators S^, S d +1 map continuously from L 1 to L 1 . □ 

Let us return to the <9-equation (Tl~6|) which we are trying to prove. But 
that is now an easy consequence of Lemma I4.2[ because 

t- a T\ VQ = S d q (t-«5\ VQ ). 

It only remains to show that r is globally well-defined. If we change 
coordinates on X, that does not effect the Definition ffl5|) . but we have 
to care about what happens for a different trivialization of N. So, let 

w = 4>{z\, Zd-\)t and 

5 \v Q = ^2 9jdzj + f jdw A dzj - 

\J\=q \J\=q~l 
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Then dw = <f>(zi, Za-ijdt and 
That yields (with £ = 0C) : 

t a f /j(2i,...,^_i,C)dCAdC 0- a ^ a /•</./ J (z 1 ,...,z d _ 1 ,O|0|- 2 deAd£ 



w Q /" fj{z u ...,z d .. u £) rf£ Aci£ 

2m 7c e e - w ' 

and that shows that r G |X| s Lq is globally well defined by (Tl5l) . 

Since <9 a r = 5 as we have seen before, we have finished the proof 
that [h*uj] = in H q (G,X a O), and that also finishes the proof of 

Theorem 11.11 

Another interesting application of the integration along the fibers is 



Theorem 11.31 namely the solution of the <9-equation for forms with 
compact support: 

Theorem 1.3. Let X and Y be as in the introduction, D CC Y an 
open subset, D* = D\ {0}, and 1 < p < oo, 1 < q < dimF. Let 

io G L p q (D*) nkerd 

with compact support in D. Then there exists rj G L^ q _ l (D*) such that 
di] = uj. 

Proof. As before, let G := ^(D) and G* := G \ E. Let u G L p q (D*) 
such that du = 0, and u has support in D. Then (by Lemma [3. 6 p 

n*u G \I\ s Ll q (G), 

where 

s 2d - 2 
s = (q-1) , 

V 

and by Lemma 13.61 we have d a 7r*uj = with a = a(p, q, d) = k(p, s) 
the d- weight of (p, s). Because it*uj has compact support in G, we can 
integrate along the fibers as before and obtain r G |X| s Lg (J _ 1 (G) such 
that d a r = tt*lj. But then 

rj := (7r\a\ E Tr G L^D*) 



by Lemma [2. II and drj = uj on D*. □ 
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As a consequence, we can now also prove Theorem ll.4l namely ifK cpt {D*, 
for D CC Y as above. So, let u; G Lq be enclosed with support 

in .D. We can assume that 

D cc 5 = y n s fl (o) 

for > large enough, and extend u trivially by to the whole set 
D* = D \ {0}. By Theorem O, there exists / G L P (D*) such that 
df = uj. So, / is holomorphic on D \ D which is connected because X 
and Y are chosen irreducible. 

But Y is a normal complex space, because Y is a complete intersection, 
and a complete intersection is a normal space exactly if the codimension 
of the singular set is > 2 (see |Abj . 12.3, or |Sch2j . Korollar 4). 

So, /| extends uniquely to a holomorphic function F on the whole 
set D by Hartogs' Extension Theorem for singular spaces (see [MePo2j, 
or |Ru5j ). and 

F e 0(D) c LZ(D). 

But then 

f':=f-FE L p (D*) 

is the desired solution of df = to, because supp /' C suppcu by the 
identity theorem for holomorphic functions. That proves Theorem 11.41 

5. Necessary Conditions (Theorem 11.21) 

We will now prove Theorem 11.21 So, let D CC Y be a bounded open 
set such that G D, D* = D \ {0}, G = 7r _1 (D) and G* = 7r _1 (D*). 
We will use the exhaustion function p := || • || 2 o n which is strictly 
plurisubharmonic on iV outside the zero section X. Then there exist 
indices e > and 5 > such that 

G e CC G CC G s , 

where 

G e = {zeN : p(z) < e} 

and 

G s = {z G N : p(z) < 5} 
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are smoothly bounded strongly pseudoconvex neighborhoods of the 
zero section in N. We can again use the fact that 

H q {X, 0{N~^)) = H q {G e ,T {p ' q > d) 0) 

H>c(p,q,d) 

by Theorem 5.1 in |Ru4j . We must now clearify what the Definition of 
c(p, q, d) means for us: 

Lemma 5.1. There exists < v < 1 such that the following is true: 
Let 

^ 2d ~ 2 
t = (q-l) + v, 

V 

and k(p, t) the d-weight of (p, t). Then: 

c(p,q,d) = k(p,t). 

Proof. When we represent the d- weight k(p, t) by the formula in Lemma 
then it is easy to see that there exists < v < 1 such that 

m E Z : m < q + 1 - — + v ,p^l 
m G Z : m < q + 1 - — + v ,p=l 

max{m 6Z:m<g+l - 2d/p} = c(p, q, d). 



k(p,t) = max 



One just has to choose v > small enough. □ 

We will abbreviate c(p, q, d) by c from now on. By use of Lemma 
15.11 the exact sequence in Theorem 13.31 tells us that a class [a;] G 
H q (G e ,I c O) can be represented by a form 

W! G |I|*/^(G e ). 

But, we will see that there also exists 

u 2 g |X|*£^(G a ). 
such that [u} 2 \g.] = M = M e H q (G t ,l c O). 

That follows from the following consideration: As in the beginning of 
the proof of Theorem ll.il Grauert's bump method (see |LiMij . chapter 
IV. 7) tells us that the mapping 

H q (G s , TO) -> H q {G e , TO) (18) 
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induced by restriction of forms is surjective. For later use, we remark 
that it is in fact an isomorphism because the groups under considera- 
tion are of equal finite dimension. 

Now, let 

2d -2 

s :=q =t + (l-v). 

V 

We will show that we can also assume 

u 2 e \l\ s Cl q {G), 

where G CC G CC Gs- This follows from the fact that we can solve 
the <9 c -equation locally from 

\T\ t C v 

into 

\q-\t+l~u r'P _ \T\ S T p 

l x l ^0,q-l ~ l x l L '0,q-1- 

That is well-known at points not on the exceptional set X = E, because 
at such points we only have to solve from Lq into L^ q _ v At points 
on the exceptional set, it follows from Theorem 2.1 in |Ru4j . because 
c is the <9-weight of (p,t). So, cover a domain which is slightly smaller 
than Gs by finitely many domains {Uj}j e j where we have solutions 

d c Vj = uj 2 \u 3 , vj G |Xr£(U_i(E/,0. 

Then, let {Xj}jeJ De a smooth partition of unity associated to {Uj}j e j, 
and define 

where G := [jUj. Then, we calculate: 

d c 7] = ^2 XjdcVj + ^dxj A Vj =: uj 2 - w. 

Therefore [a^] = [00] G H q (G e ,X c O) can in fact be represented by 
uj G |X| s £q g (G). Now, it follows from the last statement of Lemma [27T1 
that 
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and it is clear that this form is enclosed in the sense of distributions 
on D* . Hence, uj determines a class in H^(D*, O). We have to show 
that this assignment defines in fact a mapping from H q (G e ,I c O) into 
H g (p) (D*,0). 

Because ( !T8|) is an isomorphism, we only have to consider what happens 
if the class [a;] e H q (G e ,X c O) is given by a different form 

J 2 e llK^Gs) 

such that 

UJ 2 — UJ 2 = d c "& 

with ■d E ^Cl^Gs). Now, construct uj' E \X\ s C p ^ q (G) from uj' 2 
analogously to the construction of uj (from uj 2 ). Then, it follows that 

uj — uj' = —d c r] + d c r]' + uj 2 — uj' 2 

= -d c r] + d c r}' + d c $\c = d c A, 

with 

A := j - v + 0\ d <= IXI^^G). 
Furthermore, we get 

where (tt\q^ x )*A £ LtQ >q _ x (D*) by the last statement of Lemma [2TT| 
because 

, 2d -2 

t>s-l = (q-l) . 

V 

This shows that uj and uj' determine the same class in HfJD*,0), 
and hence our mapping is well-defined. It remains to show that it is 
injective. That can be done by integration along the fibers. So, assume 
that 

Wgyx)*^ = & a 

on D* where a e Lo 9 _ 1 (D*). Let % e C^(D) be a smooth cut-off 
function with compact support which is identically 1 in a neighborhood 
of the origin. Then: 

f3:=uj-d7r*((l- X )a) G p\**%A G ') 
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has compact support in G t and is <9 c -closed. Thus, integration along 
the fibers of N as a holomorphic line bundle over X (as in section H]) 
gives 

such that 

9 c 7 = /5, and d c (7 + 7r*((l - = 

where 

7 + 7r*((l-x)a)G|X|^_ 1 (a). 
Here, one should recall that c = t) by Lemma I5TT1 So, Theorem 13 .31 
yields [u] = G H q (D t ,I c O), as we intended to show. That completes 
the proof of Theorem 11.21 

6. Examples and Applications 



As a direct consequence of Theorem 11.11 we obtain: 

Theorem 6.1. Let X , Y and N be as in the introduction, D CC Y 
strongly pseudoconvex such that G D, D* = D \ {0} ; 1 < p < 00, 
l<q<d = dimF. Set 



a(p,q,<£) :-- 
and assume that 



max{A; GZ:/c<l + g — 2d/p} ,p 7^ 1, 
max{A; EZ:k<l+q — 2d/p} , p — 1, 



H q (X,0(N-»)) = 0. 

fi>a(p,q,d) 

Then there exists a bounded linear operator 

S q : L p 0iq (D*) nkerd - L^D*) 
such that dS q u = uj. 
Proof. Theorem 11.11 tells us that 

H* p) (ir,o) = o. 

Now, the statement follows by a standard technique based on the 
open mapping theorem (see for example |FOVlj . Lemma 4.2), because 
Lq (D*) and Lq ^(D*) are Banach spaces. □ 
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Let us take a look at two simple examples in the case d = dimY = 2. 
Then, X is a compact Riemann surface. Firstly, let us assume that 
genus g(X) = 0, hence X = CP 1 . Let Zq G X be an arbitrary point 
and D = —(zq) the associated divisor. Then it follows that 

H j (X, OQiD)) = H j (X, 0{N^)) 

for all j > and /i G Z. It is well-known (and easy to calculate by 
power series) that 



Z(/i) := dim #°(X,C> (-//£>)) 



1 + /i , for \i > — 1, 
, for /i < — 1, 



because H°(X, 0(—fiD)) is the space of meromorphic functions on X 
with a single pole of order \x at z . Hence, we calculate by the Theorem 
of Riemann- Roch that 

, for fi > 



•1 , for jj, 



-dim J ff 1 (X,C(X^)) = deg(-fiD) + 1 - ^(CP 1 ) - = 

Therefore, Theorem 1 1 . 1 1 and Theorem 11.21 tell us that 

f = , ifp>4/3, 
dimHl p) (D*,0) I <1 , ifp = 4/3, 
[ = 1 , h><4/3, 

if D is a strongly pseudoconvex neighborhood of the origin in Y . An 
important example for such a variety is Y = {(x, y, z) G C 3 : xy = z 2 }. 

As a second example, we use the same construction, but assume that 
X is an elliptic curve in CP 71-1 . Here, H (X,O(—fiD)) is the space 
of elliptic functions with a single pole of order fi. So, it is well-known 
that we have 

{0 , for n < -1, 
1 , for n = 0, 
pi , for jj, > 1. 

Using the Theorem of Riemann-Roch again, we calculate 

fj, , for < — 

- dim H ' (.Y. (9(.Y~")j = dog(— //D) -i 1 - </(.Y )-/(//)= <( -1 , for /i = 0, 

, for // > 1. 



30 



J. RUPPENTHAL 



dim Hfa (D*,(D) { 



Therefore, Theorem 1 1 . 1 1 and Theorem 11.21 tell us that 

= , if p > 4, 

€{0,1} ,ifp = 4, 

= 1 , if 4 > p > 2, 

G{1,2} ,ifp = 2, 

= 2 , if 2 > p > 4/3, 

€{2,3,4} , ifp = 4/3, 

= 4 , if 4/3 > p, 

if D is a strongly pseudoconvex neighborhood of the origin. Examples 
are the varieties Y = {(x, y, z) e C 3 : y 2 z = x 3 + axz 2 + fez 3 } for suit- 
able values of a, fe. 



Let us return to the first example X = CP 1 . Combining that consid- 
eration with Theorem 11.21 we obtain: 

Theorem 6.2. Let X and Y be as in the introduction, dimy = 2 and 
D CC Y strongly pseudoconvex such that G D, D* = D\ {0}. Then: 

H\ 2) {D*,0) = & X^CP 1 . 

Proof. By assumption, X is a compact Riemann surface. If X = CP 1 
then HhJD*,0) = by the considerations above. Conversely, if 
H l {2) (D\0) = 0, then H x (X,0) = by Theorem Ol and that im- 
plies that X = CP 1 . □ 

This example, namely the groups Hhs at isolated singularities of co- 
dimension two, are of special interest because of the following Extension 
Theorem of Scheja (see jSchll ISch2] ). which settles the case of higher 
co-dimension: 

Theorem 6.3. Let Y be a closed pure dimensional analytic subset in 
C n which is locally a complete intersection, and A a closed pure dimen- 
sional analytic subset ofY. Then, the natural restriction mapping 

H«(Y,0 Y )^H«(Y\A,0 Y \ A ) 

is bijective for all < q < dimF — dim A — 2. 



Using this result, our integration along the fibers yields: 
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Theorem 6.4. Let X and Y be as in the introduction, and D CC Y 
strongly pseudoconvex such that G D, D* = D \ {0}, 1 < p < oo, and 

1 <g<c/-2 = dimY"-2. 

Then: 

H{ p) (D\O) = 0. 

Proof. As in the beginning of section [HI assume that 

D n U = {z 6 U : p(z) < 0} 

where p G C 2 (U) is a regular strictly plurisubharmonic defining func- 
tion on a neighborhood C/ of bD, and that there exists e > such 
that 

D e := D U {z E U : p(*) < e} 

is a strongly pseudoconvex extension of D. So, it follows by Grauert's 
bump method that the natural homomorphism 

r.-.H^Dl^^H^iD^O) (19) 

(induced by restriction of forms) is surjective (see |LiMij . chapter IV. 7). 
Here, we also set D* = D e \ {0}. We need to observe that D t is a Stein 
domain. But that follows from the fact that D e is a bounded strongly 
pseudoconvex domain in the Stein space Y (see |Na2] ) . Moreover, Y is 
a complete intersection, and so Theorem 16.31 tells us that 

H q {D* e ,0) = 0. (20) 

Now, let [uj] G HfJD*,0) be represented by the <9-closed form uj G 
Li^ q (D*). Because f|T9l is surjective, we can assume that 

But now (|20|) tells us that there exists 

^ e L P ( o, q -i),ioM) 

such that 9?7 = uj on D*. So, choose a smooth cut-off function x G 
C™ t (D) with compact support in D such that x is identically 1 in a 
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neighborhood of the origin. It follows that [u] G HfJD*,0) can be 
represented by 

r := a; - - x>7) e Z^(L>*) 

which has compact support in D. The integration along the fibers 
which we have already used in the sections H] and [5] tells us that we can 
use the blow up of Y to produce a solution 

such that da = t (see Theorem II . 3[) . and that finishes the proof. □ 

Combining Theorem 16.41 with Theorem 11.21 (for p = 1), we obtain im- 
mediately: 

Theorem 6.5. Let X , Y and N be as in the introduction, and 

1 < q < d- 2 = dimF - 2. 

Then it follows that 

H q {X,0{N-^)) = 

for all /i > 1 + q — 2d. 

Similarly, we can deduce from Theorem 11.21 

Theorem 6.6. Let N be the universal bundle over CP fc fork>\, and 
1 < q < k. Then: 

H q {CF k ,0{N-^)) = for all fi>q-2k. 

Proof. Note that we have at no place assumed that X is a proper subset 
of CP 71-1 , respectively that Y should be a proper subset of C n . So, in 
the setting of the introduction let X = CP"" 1 = CP fc and Y = C n = 
C fc+1 . Moreover, let D be the unit ball in Y and p = 2n/(2n — 1). 
Now, if uj G L^ q (D*) is a <9-closed form on the punctured ball, then 
the <9-Extension Theorem 3.2 in |Ru4] tells us that in fact u defines 
a <9-closed L p -form on the whole ball. So, there exists 7] G Lq (] _ 1 (D) 
such that drj = w (see |Kr]), and it follows that H^D*, O) = for all 
1 < q < k + 1. Thus, Theorem O implies that H q (C¥ k , 0(N->*)) = 
for all 

2n 

fi > q + 1 = q + l-2n + l = q-2k. 

p 
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